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AN INVESTIGATION OF THE FRIABILITY OF 
DIFFERENT COALS 


I. INTRODUCTION 

1. Object and Scope of Investigation.—The friability of coal is a 
question of great interest both in its scientific aspects and also from 
a commercial point of view to the coal industry, inasmuch as the 
inherent friability of a coal has a marked influence on the extent to 
which it is broken down, or degraded, in the numerous processes 
involved in mining, preparation, and marketing. To operators meet- 
ing the demands of a general market, in which the larger sizes of coal 
command substantially higher prices than do the smaller sizes, such 
degradation is very costly. Some degradation is, of course, unavoid- 
able, and the extent to which it is unavoidable is largely controlled 
by the susceptibility of the coal in question to break in being handled, 
or, in other words, by its inherent friability. There has long been 
need of a suitable means of gaging the comparative friability of dif- 
ferent coals, and it was with the aim of developing such a measure 
of relative friability that the present investigation was undertaken. 

This report covers the results of several hundred individual tests 
on the breakage of coal, the principal form of test being to drop a 
weighed amount of sized coal through a measured height onto a 
platform of specified material (wood, steel, or concrete). Several 
coals from different parts of Illinois were tested, and in addition a 
number from without the state, including anthracite and Pocahontas 
coals, thought to represent about the two extremes of friability. 

The products of each test were screened into a suitable number 
and succession of sizes, and from the weight of the coal in each size 
and, in some cases, the number of pieces in it, the relative degradation 
of the sample with respect to the average weight and size of its par- 
ticles was computed. A number of parallel tests, comprising a series, 
were made for each lot of coal, and the respective average values of 
the per cent weight and size degradations of the individual tests com- 
puted for each series. These averages, called degradation numbers, 
as reported later (Chapter V), are regarded as the desired measures 
of relative friability. 


2. Acknowledgments.—The first of the breakage tests were con- 
ducted by Louris A. Mytivus, a research graduate assistant in the 
Department of Mining Engineering, during part of the year 1915-16, 
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but the investigation was discontinued when Mr. Mylius resigned to 
enlist in the Canadian Army. In 1921 the work was resumed by 
Oris G. Stewart, research graduate assistant. In 1928 the problem 
was assigned to the author. 

The investigation has been part of the regular work of the Engi- 
neering Experiment Station, of which Dan Mixo 8. Kercuum is 
the director, and of the Department of Mining Engineering of which 
Pror. ALFRED C. CALLEN is the head. 


Il. Revinw or Previous Work 


3. Other Investigations.—In view of the importance of the prob- 
lem, it seems strange that there is apparently no record of a sys- 
tematic study of the friability or degradation of bituminous coal. 
The nearest approach to it appears to be a limited number of tests 
made several years ago by dropping single pieces of anthracite coal* 
seven feet on inclined chutes of wood and steel. The degradation 
was reported as the percentage of the products which were below the 
minimum sample size, or which passed through the sample-retaining 
screen. This was found to be a small fraction of one per cent in each 
case. 

On the other hand, a complete technique of drop testing has been 
worked out for coke, and has been adopted as a standard test} by the 
American Society for Testing Materials. This test involves dropping 
a weighed sample of about 50 pounds of plus 2-inch coke, six feet onto 
a steel plate. This is repeated three times using the same material, 
and after the fourth drop the products are screened on a standard 
succession of square-mesh screens. The results are reported as a per 
cent screen analysis for each test. Similar tests for coke are in use 
in England,t and no doubt elsewhere. The percentage of the prod- 
ucts passing through the 2-in. screen is regarded as the degradation. 

However, the lack of extensive work on friability tests for coal 
does not mean a lack of interest in coal breakage. Holbrook§ cites 
some attempts to establish suitable criteria of friability, and gives an 
extensive bibliography of literature dealing with coal breakage, 
largely from the point of view of its extent and importance to the 
industry as a source of financial loss. 


iS ee ee amenye July 12, 1913, p. 16. 
sandard Method of Shatter Test for , Ameri Society f i ials; 
et Seri Designation toe oke, American Society for Testing Materials; Standard 
V.T. K. Braunholtz, G. M. Nave, and H. V. A. Briscoe, ‘‘Correlation of Physical and Chemical 
Ree oes Cokes with Their Value in Metallurgical Processes,’’ Fuel, Vol. VII, NG Sy te 102-105, 
arch, ; 


a7 ee Preparation of Bituminous Coal at Illinois Mines,” Univ. of Ill. Eng. Exp. Sta. Bul. 88, 
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4. Work Done in Mining Laboratory.—In the winter of 1915- 
_16, L. A. Mylius made nearly a score of crushing tests on both bi- 
tuminous and anthracite coal in the Mining Laboratory, using smooth 
steel rolls set one inch apart. This type of test was soon replaced by 
the drop test. A variety of coals, feed sizes, heights of drop, and re- 
ceiving platforms were used. In all, Mylius completed more than 
70 such tests, covering a wide diversity of conditions, his work serving 
to point out the general lines along which subsequent testing should 
proceed. 

In 1921-22, the work was resumed by O. G. Stewart, who used 
only three different Illinois coals, one each from the eastern, central, 
and southern parts of the state. Each coal was dropped on each of 
three platforms, wood, steel, and concrete, through two heights, 5 and 
10 feet, with a few additional tests at 214-ft. and 714-ft. drops. Asa 
rule about 22 pounds of 3 x 2-in. material were used in a test, the 
products being screened successively on a series of round-hole screens 
having holes 2, 1, 4, 14, and )K in. in diameter. Some additional 
tests were made in which single large lumps were dropped. The 
results of Stewart’s work will be given later (p. 26). 


III. TuHroreticat DEVELOPMENT 


5. Derivation of a Measure of True Degradation.—No doubt one 
deterrent to the development of suitable breakage tests for coal has 
been the difficulty of expressing results satisfactorily. Obviously, to 
use only the per cent by weight of the material passing through or 
remaining on any one screen is to ignore all other corresponding 
weights, any of which may be equally expressive of the effects of the 
test. To give all this information in the form of a complete screen 
analysis expresses the results in several semi-independent items 
which makes comparison from one series of tests to the next very 
difficult. While it is possible, by a more or less arbitrary weighting 
of the component items, to reduce a screen analysis to a single index 
number uniquely expressive, in a measure at least, of that analysis, 
it was thought preferable to derive, if possible, from suitable test 
data an expression which would not only reduce the results of a test 
to a single number, but would also be a true measure of the extent to 
which the sample coal had broken down, or been degraded, in the 
drop test. This has been done as follows. 

Ideally, the desired criterion, which we may call D,, or the degrada- 
tion number for a given drop test, expresses the relative extent to 
which a given mass of coal used in a test has been reduced in particle 
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weight, i.e., if some is unbroken there has been no degradation for 
that portion, if some has been broken into pieces half as heavy as the 
sample pieces there has been 50 per cent degradation for that portion 
of the sample, etc. Now the sum of the products of the per cent 
degradation for each size into the weight of the coal in that size, rela- 
tive to the total weight of the sample, gives the total relative degrada- 
tion (in per cent) of the sample. For example, assume that 4 equal- 
sized cubes of a material, each weighing 200 grams, have been 
dropped, and that No. 1 remains unbroken, No. 2 breaks into half, 
No. 3 breaks into 8 equal cubes and No. 4 is pulverized. Their respec- 
tive relative degradations are obtained as follows: 


(1) (2) (3) (4) (5) (6) 

- Original Number Weight Loss in Relative 

Cube Weight Pieces per prece Weight Loss 
Number (grams) Produced (grams) per prece per cent 

by Dropping (grams) 

1 200 1 200 0) 0 

2 200 2 100 100 50 
3 200 8 25 175 87.5 

4 200 co 0 200 100 


Total 800 


The sixth column of the table gives only the first step mentioned 
above, 1.e., the per cent degradation for each product size. It is ob- 
viously not strictly correct to treat the individual pulverized particles 
as having no weight but this is a convenient approximation which, 
as will appear later (p. 19), introduces little error where the sample 
pieces are of substantial size. The computation of D,, for the hypo- 
thetical test under consideration is made as follows by extending the 
preceding table: 


(1) (6) (7) (8) 
Weight of 
Products 
Cube Relative Relative Degradation 
Number Loss to that of 
per cent Sample 
1 0 0.25 0 
2 50 0.25 12.5 
2 87.5 0.25 21.9 
4 100 (0) as 25.0 
Dw = 59.4 


Here Column 8 = Column 6 X Column 7, and the sum of its items 
is the desired degradation number D,,, in this case 59.4 per cent. It is 
evident that other ways in which this same sample might be assumed 
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to break up would give virtually, or possibly exactly, the same value 
of D», but this is a point that need not be considered at present. 
Put in general form, the computation of D,, fora drop test may be 
represented as follows: 
Let W represent the total weight of the sample 
ws; represent the total weight of a product s 
N represent the number of pieces in sample 
ms represent the number of pieces in a product s 
U represent the average weight of individual piece in sample 
us represent the average weight of individual piece in a product s 
I, represent the average loss in weight of individual pieces in 
product s 
rs represent the average relative loss in weight of individual pieces 
in product s 
ps represent the average per cent of weight of total sample, of 
product s 
d, represent the average partial degradation of product s 
where subscript s designates a product of given size having serial 
number s, = 1,2, ....m, where mis the total number of product sizes. 


W Ws ; - 1, _ 100, 
It follows that U = 7, Uae FM 700 Ds = aes 


and d, = p.’s, 80 the computation takes the tabular form: 


Size 
Sample: rakes W N U 
Products: ats? W1 ny U1 ly ry Pi dy 
We. No U2 ls T2 P2 ds 
ee ey fe eat ee ae Cr dm 
Lw = W dase 


Omitting the subscript s for convenience we have 


q 100w . l 100w NZ U—u  100w u 100w 100wu | e. 
ta OW CTW: TU ree Wee el ae 
wu 
Dd Bw — =P Ew. Also 2w = Wso D, = 100 (1 - =) but 
w 
) W ary 
ie and = Ny Som ee —— LOO) te Ww 
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This permits the use of a simpler form of computation, as follows: 


(1) (2) ; (3) (4) 


Coal Size 
(in.) Wr: 
Sample: eae W N a 
wi 
Products: St Wi n1 Fy 
We? 
W2 Ne no 
Wm? 
Wm tm = 
aT 
w 
ai 
Let 7 Q, then D, = 100 (1 — Q), or, if preferred, each prod- 
N 
uct item of Column 4 may be multiplied by 100, as it is recorded to 
100 w? 
7100 w? 
give= whence D,, = 100 — W? 
N 


This derivation gives not only a true measure of the degradation 
undergone by the coal, but a simple method of arriving at it as well, 
the only essential departure from previous test procedure being the 
addition of the piece count to permit the determination of the average 
weight of the pieces in each size of the test product. The extent to 
which D,, is subject to error from lack of uniformity in weight of the 
individual pieces in a given screen size, and from other sources, is 
indicated later (p. 30). 


6. Derwation of a Measure of Apparent Degradation.—Inasmuch as 
the criterion D,, as just developed expresses the per cent degradation 
of the coal in terms of the relative average weights of the individual 
pieces, whereas the interest in coal degradation from a commercial 
standpoint centers in comparative screen sizes, it is desirable also to 
have a measure of this form of degradation, or a number expressing 
the per cent degradation in terms of the relative average piece sizes, 
rather than piece weights as before. The development of such an 
index is illustrated in the following table, which is quite similar to the 
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corresponding table (p. 9) illustrating the development of the index 
of degradation by piece weight, D,. 


(Lr) (3) (4) (5) (6) (7) 


Size Size Weight Loss in Relative Per cent Partial Size 
in. units Size Loss in Size Weight Degradation 
Sample: ate S W es 
S — 100 
Products: ate Si Wi S — s1 ‘5 are Ti =o =~ piri =a 
S — 8 100 we 
Se We S — se S dio if P2* Petar — do 
S — Sm 100 wn 
Sm Wm S— Sm iS = Tm WwW = Pm Pmlm = din 
Dw = W xd = D, 


Here D,, the desired criterion of degradation in average piece size, 
corresponds to D,,, the weight degradation. Average particle size is 
expressed in arbitrary units, and is a measure of the average diameter 
of the holes in the two determining screens for a given size. 

The foregoing computation may be modified as follows to give D,: 
With Columns 1-4 as above, let Column 5 become S — s = Sr and 
Column 7 = pSr = Sd; then its total 2Sd = SZd = SD,, so that 

SD, — 2Sd ee 
Da = ean ca. This avoids the division of the m successive 
items S — s by S, as indicated in Column 5. In this case each item 


in the new Column 7, Sd, is p (S — s) or 


Column 7 
pi (S — 81) = pS — piss 


Pm (S — 8m) = PmS — Pm8m 


Xp (S — s) sz — ps Dips 
De = pie v he PS yp =P 


Zps 
But 2p = 100, obviously, and hence D, = 100 — “3° As an 


w ; 5 
alternative reduction Ww may be substituted for p to give 


Dap eee ES wow 
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Zws 
so that Dy > UOO|\ 1 Meence 5 


Now it will be recalled that the per cent weight degradation 


2 : 
D.». = 100 (: _ aw), Thus D, is seen to be strictly analo- 


gous to Dy, the difference being in the property of the individual 
pieces under consideration,—their average weight in the case of Dy, 
their average size in the case of D,. 


7. Probable Relations of the Two Degradation Numbers.—Since the 
weight of a piece of coal is clearly a better measure of its actual size 
than any one or two linear dimensions which serve to determine the 
position it assumes in being screened, the criterion of degradation 
involving the average weights of the individual pieces D, must be 
regarded as the measure of the actual degradation of the coal, in a 
strict physical sense, rather than the criterion D, involving linear 
dimensions of the pieces, which thus becomes a measure of the extent 
to which the coal appears to be broken down, and hence is regarded as 
a measure of the apparent degradation of the coal. 

Involving, as it does, less information than is used in computing 
Dw», no regard being paid to the piece count, D, may be expected to 
be more consistent in value from test to test in a given series of par- 
allel tests than D,, since it includes one less variable (n). This is 
found to be the case, which, as will be seen later (p. 20), occasionally 
permits the drawing of distinctions between average values of D, 
which could not be made between the corresponding more variable 
values of D,. This, coupled with the fact that it is related only to 
screen sizing, in line with the commercial preparation of coal, gives 
D, some practical advantages over D, which tend to compensate for 
its failure to reflect the true degradation of the coal. Being computed 
solely from the screen analysis it is essentially an index of the manner 
of distribution of the test products on the different screens, being 
larger, of course, where more coal goes into the finer sizes, and vice 
versa. 

It is not difficult to see that D, will invariably be smaller than the 
corresponding D,,. One reason is that the portion of the test products 
remaining on the sample retaining screen has undergone no size degra- 
dation, since the pieces are still to be regarded as of sample size, al- 
though they have, in all probability, undergone appreciable weight 
degradation due to the chipping off of smaller pieces, which reduces 
the average weight of “parent” pieces, while their dimensions have 
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not been so modified as to alter their action in screening. It is true 
that many of these pieces would probably pass through a smaller-hole 
screen than did the sample, but the actual determination of their 
upper limiting screen size would not be feasible, so it seems more ex- 
pedient arbitrarily to regard their size degradation as zero. Where 
precision is required in the measure of degradation, one must ob- 
viously turn to D,. 

A more important factor in keeping D, smaller than the corres- 
ponding D, is the fact that the weights of the individual pieces are 
roughly proportional to the cube of their respective screen sizes, with 
the result that, in going from coarser to finer sizes wu decreases with 
respect to U much more rapidly than does s with respect to S, hence 
the per cent weight degradation in a smaller size is much higher than 
its per cent size degradation. Since the relative weight by which the 
per cent degradation is multiplied is the same in each case, the total 
weight degradation must be appreciably larger than the correspond- 
ing size degradation. The ratio of the latter to the former (e = >) 

w 
was found to range from 0.39 to 0.61 in the course of the work just 
completed (see p. 20). 


IV. Meruops or TEstTiInG AND COMPUTING 


8. Apparatus Used.—The testing apparatus is shown in Fig. 1. 
The drop basket was made of sheet iron, and was 18 in. wide and 
30 in. long. It was equipped with bottom trap doors, hinged at each 
end, and provided with a trigger release at the middle. Strong springs 
were fitted to draw the doors away from the falling coal instantly 
upon the release of the supporting catches. Inside the basket the 
bottom was marked off in 60 three-inch squares to facilitate sys- 
tematic placing of the sample pieces in a single layer so as to avoid 
crowding or jamming. 

With the addition of suitable supports and guides this basket was 
installed in a supporting frame with windlass and pulleys to permit 
its being raised and lowered with ease, and held at any height up to 
10 feet above the concrete floor. In each test before dropping the coal 
a bin was completed at the foot of the support by putting up portable 
screens which formed an enclosure to prevent material losses of flying 
coal, although small pieces sometimes flew over the walls of the bin. 
The frame was equipped with two safety hooks in which the basket 
was suspended while the dropped coal was being gathered up. The 
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auxiliary equipment consisted of scales and a series of six round-hole 
screens, each 18 in. square, used in sizing the coal; the hole diameters 
were 3 in., 214 in., 2 in., 114 in., 1 in., and % in., respectively. The 
screens were adapted for nesting so that any given series could be 
shaken together on a combined shaker, slide, and coal chute provided 
for them. . 

Most of the weighing was done on a platform scale, weighing in 
kilograms, weights being recorded to the nearest 0.02 kilogram. Later 
a small platform postal scale was calibrated in grams for weighing 
individual pieces of coal. 

Before any drop tests were made, it was thought that it might be 
necessary to standardize the screening operations as to number and 
frequency of strokes, etc., to give consistent screen analyses for a 
given product, but some preliminary tests run by rescreening anthra- 
cite coal indicated that it is sufficient to judge by experience as to 
when to stop screening. While there is obviously some error in screen- 
ing, all pieces not having equal opportunity to pass through the holes 
due to angle of presentation, crowding, etc., degradation is also in 
progress, and excessive screening is undesirable on this account as 
well as from the standpoint of economy. Hence no screening stand- 
ard was adopted for this work, the screens being shaken rapidly 
several times until the passage of coal through the screens seemed to 
be complete. Errors due to faulty screening are probably not appre- 
ciable in comparison with other errors inherent in the work. Hand 
fitting of pieces is practised only with the 21% x 2-in. and 3-in. screens, 
where it is difficult to get satisfactory results by shaking only. 

In this report coal sizes are designated in the customary arbitrary 
product notation, that is, ‘3 x 2-in. coal’’ means material which passed 
through a screen having 3-in. holes, but stayed on one having 
2-in. holes. 

As finally adopted, the test procedure is as follows: 


9. Technique of Testing—Fach lot of coal, as received, is given a 
serial letter, A, B, C, etc., for designation purposes, and all available 
information concerning its identity, history, etc., recorded. The ma- 
terial as received is screened to give the desired sample size or sizes. 
During the earlier part of the work 3 x 2-in. test material was used, 
while later both the 3 x 214-in. and 2% x 2-in. sizes were used from 
each lot tested. Any plus 3-in. material received is broken with 
hammers to pass the 3-in. screen. 

For a given test, 60 pieces are taken at random from the sized 
sample material, weighed collectively, and each one placed in a square 
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Fic. 1, Dror-Test Equrrment 
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in the lowered basket. The basket is then raised until the coal is 
10 feet above the floor, the floor space is enclosed, and the bottom 
doors are released, dropping the coal on the concrete floor below. 
The basket is then lowered a short distance into retaining hooks to 
safeguard the operators who must work under it while gathering up 
the test products. These products are then screened in a series of 
screens, beginning at the top with the sample retaining screen, either 
214 in. or 2 in., and proceeding through smaller openings by )4-in. 
intervals to the 14-in. screen at the bottom. That is, the products 
from a 3 x 214-in. sample are screened through the 214, 2, 1%, 1, and 
14-in. screens, successively, from top to bottom. The net weight of 
the coal remaining on each screen, and of that passing through the 
14-in. screen is then determined, and the sum of these weights checked 
against the net weight of the 60 sample pieces. The discrepancy be- 
tween the two rarely exceeds one per cent, and is well within one-half 
of one per cent in the majority of cases. Before the test products are 
discarded the number of pieces remaining on each screen is counted, 
save when the number is excessive in the case of the %-in. screen, 
when only 100 pieces are counted and weighed, or a predetermined 
acceptable average value for the average weight per piece is used. 
As a single test of this kind can ordinarily be run in 15 minutes or 
less by two experienced operators, the completion of a series of about 
10 or more parallel tests does not consume an inordinate amount 
of time. 

Numerous modifications of the testing routine were introduced 
from time to time, the most radical one being the weighing of the 
individual pieces of coal. Ordinarily this was done only in selecting 
the sample, although some series of tests were made in which each 
sample piece and each product piece above one inch was weighed 
individually and the weight recorded, with a view to getting the max- 
imum possible amount of information about the tests and their re- 
sults. The practice of weighing the sample pieces individually was 
introduced to permit the establishment of acceptance limits for the 
weight of sample pieces, with the view to determining whether or not 
restricting the range in weight of sample pieces would give greater 
consistency to the results of duplicate tests. The results of this phase 
of the investigation are discussed in Chapter V. 


10. Computations.—The note reduction is simple and rapidly car- 
ried out. A direct transcription from the test data gives Columns 1-3 
of the computation form previously developed (p. 10) from which the 
calculation of D,, follows directly as there indicated. 
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As has been previously stated, D, = 100 (1 — 3) where s 


and S are measured in arbitrary units of the average of the diameters 
of the holes in the passing and retaining screens for each product size 
and for the sample coal, respectively. Since this average diameter for 
the smallest coal size (14 x 0-in.) separated in this work is 14 in., this 
was adopted as the unit of measure of average size. 

Thus the unit average piece sizes for the various coal sizes used in 
this work are given in Column 3 of the following table: 


(1) (2) (3) (4) 


Coal Size Av. holediam. Unit Size S — s for screen series 
(in.) (in.) s = Av. diam. using sample: 
+ Yin. a b GC 
3x2 3x2 2144x2 

3x2 2.75 11 0 wee 
ox 2 2.5 10 0 Ae 

24 x2 2525 9 2 0 
2x1% 1.75 7 3 4 2 
1%x1 1.25 5 5 6 4 
1x ORGS 3 u 8 6 
%x0 0.25 1 9 10 8 


While the unit sizes of Column 3 above could be used directly as 
multipliers of their respective weights to give ws and WS for substi- 
tution in the foregoing formula, the fact that s is always constant for 
a given screen size, and hence S — s in a given screen succession, 
makes possible a still further modification of the basic method of com- 
putation of D, previously outlined, in that these differences may be 
used as the multipliers of the respective weights, rather than the 
values of S. They are given in Columns 4a, 4b, and 4c of the pre- 
ceding table for 3 x 2-in., 3 x 24-in. and 21% x 2-in. samples, respec- 
tively. It will be noted that the multiplier (S — s) for the products of 
sample size is 0 in each case, thereby obviating the necessity of mak- 
ing one multiplication. So it follows that the simplest method of com- 
puting D, may be represented, in general, by the following: 


Coal Size (in.) Weight 


Sample: aot W ee eee ee 

Products: anes Wi Seer 9, ae tes aS 
We Ss — S2 We ¢S — So) 
Wm Sree Wm (S — Sm) 


1002w (S —s 
Sw = W a =D, 
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Since the items S — s (Column 4, a, b, c of previous table) are small 
whole numbers, this computation is very rapidly carried out. Fora 
3 x 214-in. sample both D,, and D, are derived as follows: 


(1) (2) (3) (4) (5) (6) 
Coal Size Weight Number dn S—s w(S-—s) 
(in.) (kg.) Se ="Cn) 
W2 
Sample: 3x2 W N* N CSa—a els) 
w 2 
Products: 3x2 wy ny 7 0 
w 2 
24%x2 We Ne ae 2 2we 
Ws" 
2x1\% W3 nN3 fe 4 4ws 
Wa? 
1%x1l W4 4 6 6w4 
1x\% Ws st W5Ul5 8 8ws 
4x0 We ae rea 10 10ws 
w? 100 Sew _ 
pal n We 
Zu" 
n 
Da — OOM We 
N 


*N = 60 for standard test. 


tus = average weight of 1 x 14-inch particle taken as 0.0028 kilogram or as the average weight 
per piece determined by weighing 100 pieces. 
us = average weight of 4% x O-inch particle taken as 0.0. 


As a matter of fact, in routine work, Columns 5 and 6 do not appear, 
as with the use of the calculating machine and slide rule D, can be 
entered directly without any entry beyond Column 4, the simple 
progression of multipliers (c) of Column 5 being borne in mind by the 
computer in using the machine. 
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The following numerical example, chosen at random from the data 
at hand, illustrates this procedure: 


Test No. 286 
(1) (2) (3) (4) 
Size Weight Number q 
Sample: 38x24 8.92 60 1327 
Products: 3x2% 4.00 25 64 .00 
24%x2 1.64 21 12.80 
2x1\% 1.18 36 3.86 
1x1 0.94 67 il ay 
1x% 0.68 (0.0028) * 0.19 
4x0 0.48 
ew = 23.88 82.17 
*Accepted average weight per piece. 
100 X 23.88 
D.=1x8.92 = 243 
CR Le 
D,, = 100 — 1397 = 100 — 61.9 = 38.1 
IDy, 24 3 
ie = Die eta 0.64 


Here the footing for Column 2 (Zcw = 23.88) is found by adding 
in the calculating machine the successive products (cw) indicated in 
Column 6 of the previous table. It is then multiplied by 100 and 
divided by 11W, or 11 X 8.92, to give D,; in per cent. In Column 4 of 
the computations, each item is found by dividing the square of the 
weight from Column 2 by the number of pieces (Column 3). For the 
products, these quotients (q) are arbitrarily multiplied by 100 so that 
their sum, divided by q for the sample, gives a per cent to subtract 
from 100 to yield D,. The calculation of F is self-explanatory. 


V. RESULTS OBTAINED 


11. Results of Present Work.—The most reliable friability data 
obtained so far under the current testing program are given in 
Table 1. Some other lots of coal were tested, but either the limited 
amount of material available so restricted the number of tests as to 
make the results unreliable, or the history of the coal was uncertain. 
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The table is self-explanatory. Columns 6 and 8 give the mean 
_weight and size degradation numbers, respectively, each with its ap- 
propriate probable error,* while Columns 7 and 9 define the levels of 
significancey of the differences between the degradation numbers for 
3 x 2)4-in. and 214 x 2-in. samples. Column 10 gives the ratio of the 
size degradation D, to the weight degradation Dy. 

In testing the first four lots (A-D) 3 x 2-in. samples were used, 
but thereafter these were divided into two portions by the introduc- 
tion of the 214-in. screen, tests being run on both the 3 x 214-in. and 
21% x 2-in. sizes, for the remaining coals, as shown in the table. The 
closer sample sizing was introduced to increase the consistency of the 
results of duplicate tests, but apparently with only moderate success, 
to judge from the probable errors of the mean degradation numbers 
before and after the change. That there is, however, unquestionably 
some improvement to be had in th disirection from closer sizing will 
be brought out more fully later (p. 29). 

It will be noted that, as a rule, D,, is larger for the 24% x 2-in. size 
of a given coal than for the 3 x 214-in. size, although the difference is 
only clearly significant in the case of the Lot L, Saline County coal. 
In the case of D, the differences are smaller and often interchanged in 
magnitude as between the two coal sizes, the only clearly significant 
difference being the substantially greater D, (28.1) for the 24% x 2-in. 
than for the 3 x 24-in. (D, = 23.6) in the case of Lot L coal. This 
relationship is quite puzzling, as there is no apparent reason for the 
degradation of one size of a given coal differing from that of another, 
under like conditions of testing. In fact, one might expect the re- 
verse, inasmuch as the kinetic energy of the larger pieces is greater 
than that of the smaller pieces in direct proportion to their respective 
weights, although it may be that a disproportionately greater expend- 
iture of energy is required to fracture a large piece than a small one. 
Furthermore, it seems reasonable to suppose that, in the main, the 
smaller pieces are smaller because they are softer, and are already in 
the process of disintegration. 

While only the one lot of coal (L) showed a clearly significant 
difference between the true degradation numbers D, for the two 
sample sizes, the fact that the smaller difference of 3.0 between the 
two values of D, for the Lot H, Sangamon County coal, was prob- 
ably significant in spite of a smaller number of tests in the larger size 
(13 as against 24), while the total number of tests in the case of the 
insignificant differences was appreciably lower in each case, indicates 


*Allowance being made for the small size of the sample. See appendix, p. 41. 
+See appendix, p. 44. 
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that with extended testing the degradation of the smaller coal would 
_ prove to be significantly greater than that of the larger size. 

The case of the cannel coal (Lot M) is interesting in a number of 
respects. It is not only the hardest coal tested, both its degradation 
numbers being well below the corresponding ones for anthracite coal, 
but it gave higher degradation numbers for the 3 x 214-in. than for 
the 214 x 2-in. material, the difference of 5.0 being probably insignifi- 
cant in the case of D,,, due to the extreme variability of the individual 
values of this item in tests of both sizes. The reverse is true in this 
respect for D,, as successive tests gave remarkably consistent results 
with the low probable errors noted in Table 1 for the two mean values 
of D;. In view of this marked consistency, the small excess of 2.4 in 
D, for the larger size over that for the smaller size (D, = 7.4) is prob- 
ably significant. Something of the same tendency toward reversal of 
the magnitudes of the degradation numbers of the two sizes is shown 
by the Williamson County coal, Lot Q. While D, is numerically the 
same for the two sizes, D, for the 3 x 2%-in. size is insignificantly 
larger (by 2.7 per cent) than for the 214 x 2-in. material. 

As anticipated (p. 31), D, is invariably more consistent in a given 
series of tests than is D,. This is shown by a comparison of their 
corresponding probable errors (Table 1), that for D, frequently being 
less than one-half as large as that for Dy. 

In general, the ratio R of D;, to Dy increases with increasing 
degradation numbers, but the reverse is true in comparing the weight 
degradations of the two sizes of a given lot of coal, where an increase 
in D,, in going from the larger (3 x 214-in.) to the smaller (21% x 2-in.) 
size is usually accompanied by a decrease in R. This is evidently due 
to the fact that the size degradation does notincrease at the same rate 
as the weight degradation with decrease in coal size. 

Arranged according to the size of the material used in testing, the 
coals are ranked according to increasing weight degradation in 
Table 2. In the 3 x 2-in. group, the anthracite and Jellico (Lots B and 
D) are at the same degradation level, averaging about 32 per cent 
for weight degradation and 121% per cent for size degradation. Com- 
pared with either of the other two size groups they fall between the 
cannel coal (Lot M) and the LaSalle County coal from the No. 2 seam 
(Lot O) in both weight and size degradation. While the Lot A Sanga- 
mon County and Pocahontas coals are much alike in weight degrada- 
tion (averaging about 62 per cent) they are distinctly different in size 
degradation, the Pocahontas coal being appreciably more friable as 
gaged on this basis. Its mean weight degradation is also higher than 
that of the Illinois coal, but the variability of the individual test 
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values was so great as to make the difference clearly insignificant. 
Here, again, it is probable that extended testing would prove the 
weight degradation of the Pocahontas coal to be significantly greater 
than that of the Lot A Sangamon County coal. The marked differ- 
ence in the two size degradations is due to the fact that relatively 
twice (18 per cent) as much of the Pocahontas coal passed through 
the 14-inch screen as of the Illinois coal (44 X 0 = 9 per cent) 
thereby giving the Lot C (Pocahontas) an appreciably greater D.. 
Both of these coals have higher weight and size degradation numbers 
than any of the coals listed in the other two size groups. 

In the 3 x 21%-in. group the least friable coal is, of course, the 
cannel coal, which is followed by five coals, Lots O, P, L, Q, and N, 
in the same level of degradation, their weight degradation averaging 
about 44 per cent, and their size degradation about 24 per cent. This 
is followed by a second Sangamon County coal, Lot H, whose weight 
and size degradation numbers are 49.7 and 28.3, respectively. The 
most friable coal in this group is the Lot E, Saline County coal, with 
degradation numbers of 56.7 and 32.1. 

The ranking by D,, in the 24% x 2-in. group is like that in the 
3 x 24%-in. group, except that Lot Q becomes second instead of fifth, 
due to its comparatively low D,, of 42.1 per cent in the smaller size, 
and Lot N showed less degradation than Lot L in the smaller size, 
rather than greater degradation as in the larger size, the difference 
being insignificant in both cases. The ranking by D, is almost identi- 
cal with that by D, there being but a few reversals which are of no 
importance. 

Lots M and N are from two physically different horizons of coal 
seam No. 5, and were taken at the same mine. Otherwise, with the 
possible exception of Lots E and L, both from Saline County, no two 
lots of coal came from the same mine. This leads at once to inquiry 
as to why two lots of coal from a given coal seam, but from different 
mines in the same county, should have such widely different friabil- 
ities as do Lot A and Lot H (Sangamon County), and Lot E and Lot 
L (Saline County). The explanation probably lies largely in differ- 
ences in the history of the coal from the beginning of its mining until 
it was drop tested. Such factors as undercutting, blasting, loading, 
preparation and sizing, transportation and storage, weathering, etc., 
undoubtedly affect the susceptibility of a coal to breakage, so that 
unless the complete history of a sample is known it is impossible to 
say whether or not its degradation is fairly comparable with that of 
another sample. Inasmuch as the chief objective underlying the past 
work was to develop and demonstrate the applicability of a method of 
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determining comparative friabilities, some coals which were readily 
available for testing were used without complete knowledge of their 
histories, the development of a testing technique not being dependent 
on this information. 

Lots A and H from Sangamon County were both taken from cars 
of coal received at the University storage yard, presumably within 
a few days of the mining of the coal, but what differences there may 
have been in their histories other than that they are from different 
mines is not known. However, in view of the wide difference in their 
friability, it seems rather likely that the Lot A coal is actually softer 
than the Lot H. On the other hand there are known to be at least 
two distinct differences in the histories of Lots E and L from Saline 
County. The former was shipped from the mine as 2 x 3-in. nut coal, 
and stored in a bin in a local coal yard for about two months before 
it was drop tested, while the latter (Lot L) was from a newly received 
car of 3 x 6-in. furnace coal, it being necessary to break most of the 
lumps with a hammer until all the material passed through the 3-inch 
screen. Lot L coal was not only fresher but it came from a larger 
stock. Either of these factors might be expected to give a less friable 
product. As proved to be the case, both sizes of Lot L were appreci- 
ably less friable than the corresponding size of Lot E. 

The histories of the remainder of the samples (Lots M to Q, in- 
clusive) are better known; as they were obtained by members of the 
staff in connection with a current coédperative investigation. Each 
was received in the form of lump coal which had been taken at the 
tipple and shipped in sacks direct to the laboratory. They were re- 
duced to minus 3-in. size and drop tested within one to two weeks 
after mining. In this case knowledge is lacking as to what portion of 
the mine the coal came from, the severity of handling in transporta- 
tion, extent of drying, etc., with the result that the samples may not 
be strictly comparable in point of history. 

There can be little doubt that, in the main, the results given in 
Tables 1 and 2 are expressive of the comparative friabilities of the 
respective lots of coal tested. To what extent this is a measure of the 
inherent friability of the coal itself can only be determined by further 
testing with samples whose histories are accurately known and con- 
trolled. 


12. Results of Earlier Work.—Since Stewart’s is the only previous 
work in which more than two or three tests were run under like condi- 
tions, his results alone can be regarded as being comparable with 
those of the present investigation. As he did not count the pieces it 


26 ILLINOIS ENGINEERING EXPERIMENT STATION 


TABLE 3 
Tur Size DEGRADATION FOR THREE ILLINOIS CoALS AS COMPUTED FROM 
Srrwart’s Data 


Coal Lot Coal D, | Difference 
Ia. Drop of 10 feet on Concrete 
SIs Sass te verter Vermilion County 24.9+0.71* } 
ee Doone Moultrie County 29.0+1.1 } DS 
Boer kis svar. Franklin County 30.3+0.43 cl 
Ib. Drop of 7.5 feet on Concrete 
Sa Se rake are ore ante Franklin County 26.4+0.20 
Ic. Drop of 5 feet on Concrete 
fo) Ds Age ee Vermilion County 15.3+0.46 \ 
BoA Siha iereons Franklin County 20.7+0.35 } cs 
SB Moi pee core Moultrie County 24.2+1.0 ps 
Id. Drop of 2.5 feet on Concrete 
BO rocco saeiecas Franklin County 14.7+0.17 
IIa. Drop of 10 feet on Steel 
Sltiaaces mse ae Vermilion County 26.9+0.51* : 
SV eeicus hen an Franklin County 27.3+0.80 } on 
SS awixot ear Moultrie County 29.8+0.66 } cs 
IIb. Drop of 5 feet on Steel 
B20 ae vec eipmisccek Franklin County 19.7+0.50 P 
Sleeeyrse eae Vermilion County 20.3+0.22 \ cl 
Sie. eoaw sean er Moultrie County 24.14+0.84 } cs 
IIIa. Drop of 10 feet on Wood 
ST a ceeciice taints Vermilion County 15.9+0.33* 
SOR Ge OE). athe Franklin County 20.5+0.46 } cs 
Se roma ecto Hoss Oe Moultrie County 21.5+0.66 } cl 
IIIb. Drop of 5 feet on Wood 
SL Sieh seeee Vermilion County 10.94+1.2 
SQ ras comune Franklin County IG 1,2 } ci 
S8RGhh etdyseivs aed Moultrie County 17.5+0.72 } cB 


*Ten tests in each series marked with asterisk, otherwise 5 tests per series. 
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is impossible to calculate the weight degradation, so there is left only 
_ the size degradation as shown in Table 3. 

These data have some interest not attaching to the results of the 
current work in that they represent variations, not only in coals, but 
in the height of drop and the material of the receiving platform as 
well. 

As to the comparative friabilities of the three coals used only one 
of the six groups of comparative tests gives no insignificant differ- 
ences. This was with a 5-foot drop on concrete (Ic, Table 3) where 
the three coals are ranked as written (Si, Se, S3) in the order of in- 
creasing friability. Oddly enough any changes from this order found 
in the other five groups might be corrected by the reversal of a differ- 
ence between two values of D,; which is clearly insignificant. For 
example, as arranged by results from a 10-foot drop on concrete, the 
Moultrie County coal (53) is less friable than the Franklin County 
coal (Sz) by 1.3 per cent, a difference which is clearly insignificant. 
If it be reversed, or simply disregarded, the ranking is no longer in 
conflict with that of group Ic (5-foot drop on concrete) in which the dif- 
ferences are all significant. Thus if insignificant differences are dis- 
regarded the coals are clearly ranked—Vermilion, Franklin, Moultrie 
County in the order of increasing friability, without any contra- 
dictions. 

The data from group Ia, Table 3, (10-foot drop on concrete) are 
comparable with the results of testing 3 x 2-in. samples in the current 
work. If combined with them in the first group of Table 2, they would 
fall bodily as shown in group Ia, Table 3, between the Jellico (Lot D) 
and Sangamon County (Lot A) coals, the Vermilion County coal (S;:) 
being appreciably more friable than the Jellico coal, while the Frank- 
lin County coal is only slightly less friable than the Sangamon County 
coal. 

The effect of variation in the height of drop on the degradation of 
coal is shown in Fig. 2, where the size degradation for each of Stewart’s 
three coals is plotted against the height of drop on concrete. Only 
two points each could be plotted for the Vermilion and Moultrie 
County coals, and four for the Franklin County lot. Since any curve 
representing the relation of degradation must go through the origin, 
representing zero degradation for no drop, an attempt has been made 
to represent the Lot S. data with such a curve. However, much 
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Fig. 2. ReLation or Size DecraDATION TO HercutT or Drop 


more extensive testing is needed to bring out the true connection be- 
tween height of drop and the resulting degradation of a given coal. 


VI. GENERAL DISCUSSION 


13. Effect of Modifications in Procedure.—Aside from the in- 
herent friability of a coal in the seam and the history of a particular 
sample there are many other variables which enter into this work. 
The most obvious is the height of drop, which has been arbitrarily 
held at 10 feet throughout the current program. It was chosen as 
being one high enough to produce a considerable amount of breakage, 
even in the hardest coals, and yet one for which it should not ordi- 
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narily be difficult to get headroom somewhere about a laboratory 
_ where such testing might be undertaken. 

Another item for consideration is the nature of the flooring or 
platform on which the coal is dropped. A study of Stewart’s data 
(Table 3) shows that, as is to be expected, there was considerably less 
breakage produced in dropping the coal on wood than on a steel plate, 
or the concrete floor. The latter was chosen for this work because it 
is ordinarily readily available and it seems unlikely that differences in 
roughness of different concrete floors are apt to be such as to affect 
the breakage of the coal on one floor as compared with that on an- 
other. Furthermore, a concrete floor or slab is much more rigid than 
the wooden platform or steel plate that might ordinarily be provided. 

The matter of closeness of sizing of the sample to be used has al- 
ready been touched upon. In the earlier work Stewart’s lead was 
followed in using 3 x 2-in. material, but the persistent inconsistencies 
in the results led to the restriction of the sample to either of two sizes, 
3 x 2\%-in. or 214 x 2-in., as already noted. However, the response to 
this change in improved consistency was not marked, and several 
series of tests were run in which each piece of sample stock was 
weighed individually, and rejected or accepted for testing according 
as to whether or not its weight fell within certain prescribed limits. 
A survey of several series of individual weights of 3 x 2-in. pieces 
revealed that as much as a five-fold range in weights existed in some 
60-piece samples, indicating an extreme lack of uniformity in piece 
size which could hardly be expected to yield consistent results from 
test to test. 

This condition was improved a good deal by the introduction of 
the 214-in. screen with the result that, whereas the standard deviation 
of the individual piece weights in a 3 x 2-in. test sample could be ex- 
pected to be about 40 per cent, that for 3 x 214-in. samples was more 
nearly 20 per cent, and for 214 x 2-in. samples about 30 per cent of 
the average piece weight. 

Since this was not felt to give sufficient uniformity to results, 
further limitations were imposed in a number of series by rejecting all 
pieces which did not lie within a 100 per cent weight range, 1.e., the 
heaviest piece was not more than twice as heavy as the lightest, and 
in some a 67 per cent range in weight limits was imposed. This re- 
duced the standard deviation to about 15 per cent. Without going 
into the details of the results, it may be said that there was unmis- 
takable response in the evenness of the results of successive tests to 
increasing uniformity in the weights of the test pieces, but the im- 
provement was so slight within the range of weight limitations at- 
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tempted that it was thought not worth the additional effort involved, 
inasmuch as in all probability with the closer screen sizing enough 
additional tests could be run without weight limitation to bring the 
probable error of the mean degradation numbers within satisfactory 
limits, with less material and in less time than where it was necessary 
to weigh each piece separately for weight limitation. 

There is, however, another advantage to be had from weighing the 
individual pieces. That is an increase in accuracy in the calculated 
weight degradation D,,. It will be recalled that the basic element in 
the derivation of this item is the product Wu of the total weight W of 
coal in a given size and the average weight of each piece uw which re- 


duces to We? and applies both to the sample coal and to the various 
product sizes. Now it can be shown that where there are two or more 
pieces of unequal weight in a given group (screen size, in this case) 


2 


that the expression is lower than the true value which would be 


N 
had by considering the pieces singly. The probable magnitude of the 


error is difficult to calculate when many pieces of unequal weight are 
‘ : Wwe 
involved. Furthermore, since expressions of this type ~~ compose 


N 
both the numerator and denominator, both of which are undervalued, 
Zw? 
in the fraction in the expression for D,, Dy, = 100|1 — a , the 
N 


effect of the error on D, cannot be stated in general. 

An intensive study of this matter was made in testing both sizes 
of the Lot L (Saline County) coal, the individual weight of every 
sample and product piece above 1 inch being recorded for two series 
of tests with each size, one with 100 per cent weight limits, the other 
without weight limits. To have treated each of the individual piece 
weights separately in computing the results would have involved a 
prohibitive amount of labor, but a close approximation to the ideal 
result was obtained by grouping the individual piece weights for a 
given test sample or product coal size into about 15 weight groups 
each covering a range of only a few grams. This expedient greatly 
facilitated the work. 

While no D, calculated by grouping the individual piece weights 
in this way exactly equalled the corresponding D,, computed for the 
same test by the customary method of simple average piece weights, 
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the differences were of either sign and usually small (maximum dif- 
_ ference = 4.9). The differences in the four pairs of corresponding 
averages (both 3 x 2%-in. and 214 x 2-in. sizes with and without 
weight limitation) were all less than one per cent, and clearly insig- 
nificant. Furthermore, the values of D,, calculated by grouping were 
almost without exception less consistent than the corresponding 
standard values. This isin line with an unmistakable tendency noted 
throughout this work that the fuller the test information and the 
more accurate the work the less consistent are the results. The out- 
standing example of this is to be seen in a comparison of the probable 
errors of D, and D,, those of the former, which involves one less 
variable, being always lower than those of the latter. Perhaps 
this effect is to be expected, and is simply an expression of the 
fundamental variability underlying the phenomenon under con- 
sideration. In other words, seemingly like samples of coal break very 
differently under like conditions of treatment, and the more accur- 
ately the breakage is measured and expressed the more inconsistent 
can the results of successive tests be expected to be. Obviously, the 
remedy is to make a large number of parallel tests in a given series, 
and regard the mean results as statistical averages, rather than as 
precise measures of the degradation of the coal in question. 

While there can be no doubt of the greater accuracy of D, when 
computed from individual piece weights than when computed from 
average weights, the fact that the difference between the mean values 
obtained is insignificant means that any benefit from the increased 
accuracy of the former method is masked by the greater variability 
in results, and that, simply as a matter of expediency, the use of the 
average weights is to be preferred, as this obviates the necessity of 
recording and analyzing several score of individual piece weights for 
each test. Indeed, one further step can be taken in this direction, 
for an examination of the results of several pairs of test series, in one 
of which sample-piece weights were limited and in the other disre- 
garded, shows that no significant difference in mean value of D, 
resulted, the increase in consistency due to weight limitation not 
being sufficient to warrant weighing the pieces separately. While no 
narrower restriction than a 67 per cent range in piece weights was 
tried, and it is possible that much more severe restrictions to, say, 
a 20, or even a 10 per cent range, might result in a marked gain in con- 
sistency, the number of rejected pieces under such circumstances 
would undoubtedly be excessive, involving a large consumption of 
time and material. Hence it seems justifiable to conclude that no 
considerable benefit is to be had from weight limitation nor from 
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knowledge of the individual piece weights, reliance being placed on 
reasonably close screen sizing of the sample and the products, which 
is easily effected, and in making an adequate number of parallel tests 
for each lot of coal. 

A number of incidental and more or less inconclusive modifica- 
tions of the testing routine were made during the course of the work. 
One of these was to orient the sample pieces in the drop basket with 
respect to the position of their bedding planes. Two different posi- 
tions were used, one with the bedding planes horizontal, the other 
with them vertical. This was done with both the anthracite and the 
Jellico coals, but no significant difference was found in results either 
between these two orientations, or between either of them and the 
results of tests with the customary lack of orientation. This may be 
due to the fact that the orientation was more apparent than real as 
the pieces may be given some rotation in falling when the doors are 
released. That this is the probability is indicated by the fact that the 
falling layer of coal sags visibly from either end toward the middle, 
evidently due to a quicker release of the coal farther from the door 
hinges. ? 

Another modification was to redrop the pieces which remained on 
the sample retaining screen, i.e., the 2-in. screen for 3 x 2-in. samples, 
from a given original test. The few tests of this kind which were made 
indicate that previously dropped material is more friable than the 
corresponding untested coal, possibly due to the development of loci 
of incipient weakness with each shock, some of which become rup- 
tures in successive drops. 

A third variation was to soak the sample coal in water several 
hours before testing. While this was not done extensively enough to 
warrant generalization, the indications are rather clear that a de- 
crease in friability results from soaking. This is, no doubt, to be ex- 
pected, and inasmuch as the soaked coal undoubtedly has more nearly 
its native moisture content than when air dried, it may have more 
nearly its native friability. For this reason further work along this 
line is needed since the effect of one variable, air drying, may be elim- 
inated by soaking, thus introducing an additional element of stability 
into the work, and it is possible that a nearer approach to the desired 
inherent friability of the coal can be made by this means. 

One matter of passing interest, which is, however, in no sense a 
modification of test procedure, may be mentioned here. That is the 
values of the average piece weights for the different sizes of the differ- 
ent coals. If the average diameters of the various sizes, in units of 
/% inch as given in Column 8 of the table on page 17, be cubed, the 
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result is a measure of the calculated relative volumes of the pieces of 
_coal in each size, which, in turn become a measure of the calculated 
relative piece weights for a given specific gravity of the coal. These 
unit diameters and their corresponding weight ratios are given in the 
following table: 
(1) (2) (3) 


Coal Size Av. Diam. Calculated 
(in.) (units of V4 in.) Weight Ratio 
3x2 11 1331 
Bex 10 1000 
2146x2 ; 9 729 
2x1% i 343 
1%xl 5 125 
1x% 3 27 
4x0 1 1 


Here the items of the third column are simply the cubes of the 
corresponding items of the second column. It so happens that the 
calculated weight ratio of 27 for the 1 x 1-in. coal is a good average 
value of the average piece weight in decigrams of this size of the 
Illinois coals, so the items of Column 3 become actual calculated 
individual piece weights in decigrams, for bituminous coal. A rather 
complete examination of the data of this investigation shows that, 
with the exception of the products from the 3 x 2-in. samples of bi- 
tuminous coal, the observed average weight per piece U, ranged, on 
the average, from about 10 to 20 per cent higher than the calculated 
weight U, (Column 3 of preceding table). In the case of Lots A, C, 
and D, the 3 x 2-in. bituminous coals referred to previously, values of 
U, for the products averaged about 5 per cent lower than the respec- 
tive values of U.. 

For the 3 x 2-in. anthracite coal (Lot B), making due allowance 
Ue 
was 1.33, and for the products 1.09. Of all the coals studied in this 
respect, the Jellico coal is the only one in which each product size 
gave an average value of U, less than the calculated value U., the 
average ratio for the four sizes between 14 and 3 inches being 0.90, 
as compared with 0.95 and 0.97 for Lots A and C, respectively. Now 
the anthracite and Jellico coals were among the hardest, and Lot A 
(Sangamon County) and Pocahontas among the softest of the coals 
tested, yet the Jellico coal ranks below the latter two in point of mean 


for its greater density, the average ratio for the sample material 


Ue 
U, 
unity. The explanation for this peculiar behavior of Jellico coal lies, 


ratio, rather than with anthracite whose mean ratio is well above 
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no doubt, in its characteristic mode of fracture into platy pieces, 
which, while they may be much thinner and lighter than the sample 
pieces from which they came, are still large enough in dimensions 
parallel to their bedding planes either to retain their original screen 
size, or to suffer comparatively little loss therein. 

On the whole, there is a remarkable uniformity in the average 
ratios of U, to U. for the different coals and different sizes of a given 
coal, which is surprising, since for some of the coals (notably Lots D 
and E) the observed average piece weights for a given size were ex- 
tremely variable from test to test. This is even more surprising when 
it is considered that a variation of only 10 to 15 per cent from the 
calculated weights means a variation of relatively only about one- 
third as much (3 to 5 per cent) in average particle diameters. This 
bespeaks a sufficiently close screen sizing and indicates that the un- 
broken %-in. progression in screen sizes in use probably represents 
the most practicable compromise between desirable accuracy and 
minuteness of subdivision and ease of laboratory manipulation and 
data reduction. Obviously, if D, is to be computed it would be dis- 
advantageous to introduce any screens having holes whose diameters 
are not multiples of 4% inch, as to do so would be to give rise to a series 
of screen-hole diameters in fractional 14-in. units, thereby introducing 
fractional rather than whole multipliers or divisors into the compu- 
tation of D,. 


14. Tentative Standard Drop Test.—In the light of the results of 
the investigation to date, the following is proposed as the testing 
technique best designed to give the desired results, taking into ac- 
count such factors as accuracy, convenience, and economy of time 
and material. 

Apparatus Required 

The apparatus required is essentially that described in the earlier 
part of this bulletin (p. 13), consisting of a drop basket about 18 by 30 
inches which can be raised to the desired height and lowered at will, 
and which is equipped with quick-releasing bottom doors. Auxiliary 
equipment consists of a succession of round-hole screens, ranging by 
¥4-inch intervals from 3 inches to inch in hole diameter, scales, ete. 


Choice of Material 
Coal should be chosen for testing the history of which is known 
with accuracy and in all possible detail. Better than accurate knowl- 
edge of sample history is control of the sample from the place of 
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taking to the time of testing to avoid excessive drying, breakage in 
. handling, ete. 

Plus 3-in. material is preferable as it is thought it is more apt to 
be free from pieces which are already disintegrating more or less 
rapidly. At least 500 pounds is required to give enough test material 
to assure satisfactory results. 


Preparation of Material 
The plus 3-in. material should be broken with hammers to pass a 
3-in. screen, the portion remaining on the 21-in. screen being the ac- 
ceptable 3 x 214-in. test supply. Hand-fitting of pieces is permissible 
in the choice of sample material due to the difficulty of getting satis- 
factory screening by shaking small screens of such large hole di- 


ameters. 
Height of Drop 


In the hight of the investigation herein reported, a 10-foot drop 
to a surface of concrete is reeommended. 


Testing 

Sixty test pieces should be chosen at random from the supply, care 
being taken to avoid any pieces which are obviously the result of 
breakage since the sample was screened, or which are checked by 
cracks and are on the verge of falling apart. The accepted pieces are 
weighed collectively, and placed systematically ina single layer on the 
bottom of the lowered basket, which is then raised to the proper 
height. A bin enclosure is built about the receiving platform, and the 
trap is sprung. 

The products of the test are carefully swept up and screened 
through the succession of screens, topped by the 2!4-1n. screen. The 
weight of the coal in each size is then determined and recorded and 
the number of pieces in each size above one inch counted. The 
average weight per piece of the 1 x )%-in. coal is determined, either 
by counting all the pieces, or by weighing 100 of them. The total 
net weight of the products is checked against the net weight of the 
sample before they are discarded. Any test should be rejected in 
which there is a discrepancy between these two weights of more than 
one per cent, which is not corrected by reweighing the products. 

A sufficient number of tests should be made from a given sample 
lot of coal to assure a mean D whose probable error is less than one 
per cent. Asa rule about 10 tests will be required to do this. 
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The reasons for the various steps in this recommended procedure 
are more or less obvious. 

The drop test is chosen in preference to other possible tests be- 
cause of its ready standardization and ease of manipulation. Further- 
more, dropping is one of the most common causes of coal breakage in 
commercial handling, so the use of the drop test gives a point of simi- 
larity to commercial practice. It is thought preferable to drop sev- 
eral sized pieces of coal at once through a given height, rather than to 
drop a given weight on a single piece of coal through a certain height, 
because in dropping the coal an average result from about 60 pieces 
is obtained in each test, which should serve to expedite the work and 
stabilize results. A given test sample is subjected to only a single 
drop, rather than to several successive drops as in the shatter test for 
coke, so that the material for each test may be as nearly uniform as 
possible, without the introduction of variable results from previous 
tests. 

Coal 3 x 2'%-in. is chosen as this seems to be as close screen sizing 
as could well be used without causing the rejection of an excessive 
amount of material. At the same time it is close enough to assure a 
fair degree of consistency in results. Furthermore, the use of sixty 
pieces of coal of this size assures that a substantial weight (about 
10 kilograms) undergoes each test as well as a considerable number of 
pieces. This is about the largest amount of 3 x 2%+-in. coal 
which can readily be put in a single layer in an 18 x 30-in. basket. 
A single layer is adhered to so as to give each piece of coal an oppor- 
tunity of striking the concrete directly. This condition may be more 
apparent than real, in view of the sagging of the falling layer at the 
middle. It is possible that particles flying from the earlier-striking 
middle pieces may cushion the later-falling end pieces, although this 
seems rather improbable when it is considered that the sag is slight. 

Degradation numbers derived from drop tests conducted in this 
way should be comparable irrespective of where or upon what coals 
they were made, save for differences in the histories of the samples. 


15. Application of Drop-Test Data.—There are two general uses 
that can be made of the drop test in practice. The first, or direct use, 
is for comparing the friability of different coals. The second, or in- 
direct use, is for studying the relative degradation resulting from dif- 
ferent methods of mining. 

The direct application, the comparison of the friability of different 
coals, can be used to advantage by industrial concerns or by coal 
dealers in selecting coals within a certain type that will give a mini- 
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mum of degradation. For example, in the storage of coal it is gener- 
_ally agreed that ‘“‘screened coal of a uniform size should be chosen,” 
and that “if there is a choice of coals for storage, the least friable 
should be chosen.’’* Irrespective of the history of carload lots of 
different coals, the degradation numbers secured by drop testing will 
give the relative friability of the coals at the time of testing. The 
company that is to store the coal is concerned primarily with the de- 
livered coal, and drop tests at the point of delivery or at the mine will 
enable it to select the coal which is the least friable. The same applies 
to the domestic coal dealer, who is definitely interested in selecting . 
coals that produce the least fines in shipment and handling. 

It is also probable that the inherent friability of coals could be 
determined by this method, provided blocks of coal could be removed 
from the seam without blasting and broken into test-size pieces with 
a minimum of force. 

The application of drop-test data to the study of relative degrada- 
tion or changes in friability caused by different methods of mining 
offers promise. It may give answers to questions as to the friability 
of coal from narrow work and wide work, respectively, of coal shot 
from the solid or undercut and sheared, of coal shot with blasting 
powder, or with permissible explosives, or brought down by some 
other means. It seems quite probable that the friability of a coal as 
shipped is not the same as its inherent friability. 

As has already been indicated, the drop-test method may be ap- 
plied to an extension of the present investigation, such as studying 
the effect of soaking, variable height of drop, dropping on wood, steel, 
or coal instead of concrete, ete. 


VII. SumMARY AND CONCLUSIONS 


16. Summary and Conclusions.—This report represents the results 
of an investigation of the comparative friabilities of several different 
samples of coal, principally from Illinois, by means of drop testing. 
This investigation has been carried on in the Mining Laboratory, 
intermittently, over a period of several years, over 500 individual 
drop tests having been made. The majority of these are represented 
in the results reported in this bulletin. The principal results and 
conclusions are: 

(1) Theoretical measures of the true degradation in average 
piece weight and of the apparent degradation in average piece 
size, undergone by a sample of sized coal in drop testing, have 


«Bituminous Coal Storage Practice,’ Univ. of Ill. Eng. Exp. Sta. Bul. 116, p. 16, 1920. 
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been deduced, with the formulation of suitable means for deriving 
each from the test data. The former, weight degradation, Du, 
expresses to the fullest degree the real physical degradation, or the 
relative extent to which its particles have been reduced in weight, 
which the coal has suffered in testing, while the latter, size degra- 
dation, D,, expresses the relative extent to which the particles 
have been reduced in screen size, a matter of interest in connection 
with the commercial sizing of coal. 

(2) The apparatus required, and the technique of testing and 
computation are described in detail. The necessity for accurate 
knowledge of the history, and as complete control of the sample 
as possible, is emphasized. 

(3) Mean values for the weight degradation were found to 
range from about 19 per cent for an Illinois cannel coal, through 
about 31 or 32 per cent for anthracite and a Jellico coal, to more 
than 60 per cent for a Pocahontas coal. Comparatively fresh 
samples of Illinois coal gave weight degradations in the 40’s or 
low 50’s, as a rule, averaging about 47 or 48 per cent. 

(4) The size degradation for the cannel coal was about 8 per 
cent, for the anthracite and Jellico coals 12 per cent, with an ob- 
served maximum of 39 per cent for the Pocahontas coals. Illinois 
coals averaged about 26 per cent in size degradation. The ratio 
Di 
cite coal to 0.6 for Pocahontas coal with an average of roughly 0.5 
representing the Illinois coals. 

(5) The results of successive duplicate tests were found to be 
quite variable, as a rule ten or more parallel tests being required 
to give a mean D,, whose probable error is less than one per cent 
of degradation. This makes the analysis of the results essentially 
a statistical problem. 

(6) The effects of various modifications in test procedure are 
pointed out, perhaps the most important being the sizing of the 
test pieces; 3 x 214-in. material was found to be closely enough 
sized and sufficient in bulk to give a satisfactorily large and uni- 
form test sample. It was found that closer sizing of test pieces 
increased the consistency of the results, but that the added labor 
involved in imposing weight limitations on the individual pieces 
was not adequately compensated for by increased consistency over 
that to be had from using the run of the 3 x 214-in. test material. 
The more accurate and exhaustive the data used in computing the 
degradation numbers, the less consistent were the results of par- 


of size to weight degradation ranges from about 0.4 for anthra- 
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allel tests, this being illustrated in the probable errors of D, which 
are invariably lower than the probable errors of the corresponding 
mean values of D,. This is a reflection of the extreme variability 
of the breakage of coal from piece to piece, and emphasizes the 
importance of basing conclusions only on a volume of work large 
enough to assure representative average results. 

(7) A tentative standard technique of drop testing is proposed, 
and the desirability of drop testing over other forms of testing 
pointed out. Some problems that may be investigated by the 
drop-test method are indicated. 

(8) This investigation has demonstrated the feasibility of 
using a carefully standardized drop test as a means of determining 
the comparative friability of different coals within a few per cent, 
as measured in terms of the degradation undergone by the tested 
coal. Owing to the extreme variability of the phenomenon under 
investigation a large number of parallel tests are required, in test- 
ing a given sample of coal, to assure dependable results. 


APPENDIX 


1. The Method of Statistical Analysis.—For the possible benefit of 
those who may be interested, and of workers who are faced with data 
which are characteristically inconsistent, a brief review of the statisti- 
cal methods used in analyzing the data of this investigation is given. 

The result of any series of parallel tests is ordinarily expressed as 
an arithmetical average of the results of the individual tests, but inas- 
much as not all of the individual values, and perhaps none of them, 
are exactly equal to the average it becomes highly desirable to have 
some measure of their behavior with respect to the average, or of 
their dispersion therefrom. 

Such a series of individual test values may be regarded as a more 
or less representative sample of an unlimited number of correspond- 
ing values which are grouped or distributed about their mean value 
according to some undetermined law. It is manifestly unlikely 
that the mean of a sample consisting of a limited number of items from 
such a distribution should coincide exactly with the mean of the entire 
distribution, but it is helpful to know to what extent the means of 
additional like samples from the same distribution can be expected to 
differ from the mean value first determined. The most commonly 
used measure of the anticipated range in means is the probable error 
of a determined mean value. Its significance and derivation will be 
the subject of Section 2. 
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Furthermore, if two such samples come from the same distribution 
of values, their averages should, ideally, be identical and equal to the 
mean value of the entire distribution. However, as just indicated, it 
is unlikely that either will be equal to the mean of the distribution or 
that they will be equal to each other, yet coming from the same dis- 
tribution they should to all intents and purposes be regarded as rep- 
resenting a common value, or as being at the same level of values. 
Certainly they should not be regarded as two unique or distinctive 
means. 

This matter resolves into the question: Is the difference noted 
between two means of any significance, or might it have arisen purely 
by chance in taking the two samples from the same distribution of 
values? It is the second function, and a very important one, of the 
statistical method to answer this question, and to establish simple 
criteria by which it is possible to gage the probable significance, or 
lack thereof, of the difference between two average values. The tech- 
nique of the method is developed in Section 3. 


2. The Probable Error of the Mean.—The most commonly used 
gage of the dispersion of the individual items composing a mean value 
is its probable error* which is measured in the same units as the mean, 
and which tells the distance to either side of the mean within which 
half the mean values, each representing the same number of individ- 
ual values, would lie. For example, if an average of 12 items is 36.7 
and its probable error is 3.4 (written 36.7 + 3.4) this means that in a 
series of averages, each of 12 items taken at random from the same 
distribution or phenomenon under investigation as the original 12 
items, half of them could be expected to be greater than 33.3 
(36.7 — 3.4 = 33.3) but less than 40.1 (86.7-+3.4=40.1). As the prob- 
able error varies nearly inversely as the square root of the number of 
items composing the mean, when the probable error for the mean of a 
given number of items is known it is possible to judge the approximate 
magnitude of the probable error of the mean of a different number of 
items from the same distribution. Thus, if in the foregoing example 
the number of tests were quadrupled, increasing them from 12 to 48, 
the probable error of the mean of such a series could be expected to be 


1 
about w/a X 3.4 or + 1.7. 


From this it is apparent that as testing progresses a disproportion- 
ately larger number of tests is required to effect a given reduction in 


least oe theoretical development see any standard work on the theory of error or method of 
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the probable error of the mean. So small is the gain in accuracy from 
_ asingle test after a certain point is reached, that it is seldom profitable 
to go much beyond 12 to 15 parallel tests in a given series in the usual 
type of physical experiment or test where all possible variables have 
been eliminated. Under ordinary circumstances half this number of 
tests should be sufficient to give a dependable mean value. However, 
_ the number required in a given case can best be gaged by the probable 
error or the mean. 

For large samples from normal distributions, the probable error 
of the mean is given by the equation 


V5 
B= 0.87450 (1) 


where n = number of items composing the mean value 
d = the deviation or difference of each individual item from 
the mean, or d = 7 — 2, where 7 represents an individual 
value and 7 the average or mean value in question. 
E = the probable error of the mean. 


2 
The expression — is a commonly used statistical parameter 
v 


known as the standard deviation (s) of a distribution or series of 
values; so equation (1) may be written 


E = 0.6745 ——— 


ai ‘joel ®) 
With a decreasing number of items in the mean this formula be- 
comes increasingly inaccurate and must be modified to make allow- 
ance for the small size of the sample where fewer than about 30 items 
are involved, as is usually the case in the physical sciences. The 
theory underlying this correction may be found in a number of 
treatises* and need not be entered into here. Suffice it to say that 
the correct values of the probable error of the mean are given by the 
expression 


€ = 2s (3) 

where z is a function of n, and e represents the probable error of the 
: zd? 

mean of a small rather than a large sample. But since s = aaa 


2 


n 
a ae qe mh “WF [2a where f = 3 This reduces the 


ee Ror a a straightforward presentation see, W. A. Shewheart, ‘The Correction of Data for Errors 
of Averages,’’ Bell System Technical Journal, Vol. V, pp. 308- 319, April, 1926 
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178 ZO: aivareier aeehar deh ed cae eke eecd 1620 
221 
270 Ob nstouree tare te iacMelgee Mee 1750 
320 
376 
428 
488 
556 
622 
700 


calculation of e to a very simple operation once 2d? is compiled, as it 
is only necessary to divide 2d? by the proper value of f for the ap- 
propriate n. The square root of the quotient is the probable error of 
the mean in question. ; 

Table 4 gives the value of f for successive values of n.* 

Where the individual items and their mean are each expressed to 
only three significant figures, 2d? is quickly compiled from a small 
table of squares of numbers from 1 to 100 and by the use of an adding 
machine. As few individual values of d ( = i — 7) will have more 
than two significant figures, most of the deviations to be squared will 
be found in the table of squares referred to. Such a table occupies but 
one page, which can be laid near the adding machine. It is then only 
necessary to run down the column of individual values, taking the 
difference between each and the mean in succession and putting the 
square of this difference, taken from the table, into the adding ma- 
chine. Thus 2d? is obtained in but little more time than is required 
to compute the mean itself. The remaining steps in computing the 
probable error, dividing 2d? by f and taking the square root of the 


quotient, are completed in a moment by the use of Table 4 and a 
shde rule. 


*The values of z used in computing f were obtained from ‘“‘Student’s’’ tables of z in Biometrika, 
Vol. XI, p. 416, by interpolation for p = 0.7500. 
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As an example, we may take a series of degradation numbers en- 
countered in the current work. They are given in Column 1 of the 
following table: 


(1) (2) (3) 
Dw d d? 
23.6 +0.5 0.25 
27.3 44.2 17 64 
20.6 5 6.25 
17.7 ae 29 16 
P 22.8 —0.3 0.09 
26.5 43.4 11.56 
N = 6)138.5 Dd? = 64.95 f = 56.2" 
Av. = 23.1 mig OOO Peten 
e dee Oo Orel 


*From Table 4. 


Hence, the series of six individual values represented by Column 1 
is represented by a mean of 23.1 + 1.1. As previously mentioned, 
neither Columns 2 nor 3 need be recorded in routine work, the items 
of Column 3 being accumulated successively in the adding machine 
as they are obtained from the table of squares. The items of Column 
2 are, of course, derived mentally. 

The number of significant figures to be carried in computations 
and reported results is of interest at this point. One rule which has 
been suggested,* and which seems very practical, has been followed, 
in the main, by the writer. This rule is that no measure of dispersion, 
such as the probable error, need be expressed to more than two sig- 
nificant figures, and that the item to which it applies should not be 
carried beyond the last expressed figure of the dispersion measure. 
To go beyond this is not only a waste of time and effort but gives an 
appearance of accuracy which is unwarranted. It will be found that 
work of the kind represented in the accompanying friability report 
can be handled very expeditiously and with sufficient accuracy by 
using three significant figures throughout, although the use of four is 
sometimes convenient and justifiable when the first significant figure 
is one or possibly two. 


3. To Test Significance of Difference Between Two Means.t{— 
Where the difference between two mean values is of interest, it is 
obviously important to be able to judge whether or not it is suffi- 
ciently large, in view of the variability of the items entering into the 


*Goodwin, H. “Elements of the Precision of Measurements and Graphical Methods,”’ p. 21, 
McGraw-Hill Book fgets 1919 

+For a more complete and theoretical development of this important subject see, ‘Statistical 
Methods for Research Workers,”’ R. A. Fisher, Chapter V, second edition, 1928. The technique pre- 
sented in this bulletin is largely a modification of that developed by Fisher. 
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two averages, to mean that the two averages represent two really 
different levels of value, rather than two values within a given level 
which happened by chance to differ from each other. In other words, 
what is the probability that the difference in question would have 
risen or been exceeded in taking two samples at random from a given 
distribution of values? If it would rarely be exceeded, the difference 
obviously means something, while the reverse is equally true if the 
difference in question would frequently be exceeded by chance sam- 
pling of the total distribution of values represented by the two meam 
values at hand. 

It is possible, by following a simple technique to be given later, to 
measure the probability that the difference between two means will 
be exceeded in random sampling, and thereby to gage the significance 
of any such difference in which we are interested. It has been found 
convenient to grade such differences into four levels of significance 
according to the magnitude of this probability. This is shown in the 
following table: 


Je Difference Abbreviated 
<2 clearly significant GQ 
2-5 probably significant ps 
5-10 probably insignificant pr 
>10 clearly insignificant ch 


Here P is the probability (per cent probability in fact) measured 
in number of times in 100 trials in which the difference in question 
could be expected to be exceeded, while the second column gives the 
level of significance of the difference and the third the abbreviation 
therefor. The use of the word probably in the expressions “probably 
significant” and “probably insignificant’? may be unfortunate in view 
of the technical meaning of the word “probable” in “‘probable error’ 
but no other word seems to serve quite as well. E 

The appropriate value of P may be determined as follows: Let 
N, be the number of items in series 1 and Ny the number in series 2, 
where M, is the mean of the N; values of series 1 and M, is the mean of 
series 2. Let Zid? represent the sum of the squares of the deviations 
of the individual values of series 1 from its mean value, and Zod? a 


2d? = 20 


similar quantity for series 2. Then Sa, = @———_ where 


n 
n, the number of degrees of freedom for the two series combined, 


= Ni + N, — 2and S represents the standard deviation for the two 


Se 
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series. Let D = M,; — Mz, or Mz — M,, irrespective of sign, then 
ae D NiN»2 

S YNi+ Ne 
the difference in question would be exceeded at random, can be found 
from tables* or from the curves of Fig. 3 prepared therefrom. 

A numerical example will illustrate this. It is desired to determine 
the significance of the difference between the mean just derived 
(23.1 + 1.1, p. 43) and the mean of five individual values averaging 
18.1 + 1.7 whose 2d? = 107.6. So, Ni = 6, No = 5, Mi = 23.1, 
Me = 18.1, 21d? = 64.95, Zed? = 107.6, n = Ni + Ne — 2 = 9, 

64.95 + 107.6 5-0 -/6x5 
S - = 4.39, D = M,— M,=5.0,t = 4390-7 
1.88. By interpolating an imaginary n = 9 curve on Fig. 3 just to 
the left of the n = 8 curve as drawn, it is seen that it would intersect 


and from the values of n and t, P, the probability that 


*Op. cit., Table IV, p. 139. Here P in the table is to be multiplied by 100 to bring it into cor- 
respondence with P of this text and Fig. 3. 
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the ¢ = 1.88 abscissa at a P ordinate of a little more than 9 per cent, 
making the difference between the two means probably insignificant 
in this case. 

Experience has shown that wherever the difference between the 
two means is less than the two probable errors combined it is clearly 
insignificant, that when it is more than three or four times the com- 
bined probable errors it is clearly significant. When it lies between 
these limits it is necessary to make the calculation to determine its 
significance which may be in any of the four levels defined in the pre- 
ceding table. 

Where the individual values in the two series are paired, e.g., 
where two weight degradation numbers were computed for a given 
test by different methods (average and grouping, see p. 30), a modi- 
fication of this procedure is possible, giving a more sensitive measure 
of P for a given total number of items, due to the fact that the experi- 
ments have, in effect, been better controlled than when the items in 
the two series are unpaired. Under these circumstances P is found 
as follows: 


(1) (2) (3) (4)* 


ty ty’ Wy — ty = 2 dy? 
12 9! UP) me 49! = V2 d,? 
un ty’ tn = ty’ = UN dy? 
at DM x(t — 1’) xd? 

Di 2 XG — 7’) 

= = % =7 = (i-7') =2 

N N N 


*The deviations in this column apply to z, ord = x — @. 


Here a, the difference between the two values composing a given pair 
becomes a variate, the significance of whose difference from zero it is 
proposed to determine. 

Whatever significance this difference has is, of course, the signifi- 
cance of the difference between the two mean values (7 and 7’, in this 

' J Za — 7 

case) in question. Here, t = ed n=N-—1. P is found 
from a table or Fig. 3 as before. 

Such a calculation follows, the data representing a series of drop- 


tests for which the results of each test were computed by two different 
methods. 
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(1) (2) (3) (4) (5) 
Test No. IDys IDy, Dz — D, d? 
1 56.8 58.8 —2.0 0.36 
2 56.8 59.1 — 20 0.81 
3 49.3 53.4 —4.1 7.29 
+ 49.8 48.8 sto) 5.76 
5 44.7 44.5 +0 .2 2.56 
6 51.4 49 .2 +2).2 12.96 
ut 49.1 54.0 —4.9 12.25 
Total —9.9 41.99 
Average 51.1 52.5 4: 


/ 41.99 


From Fig. 3, it is evident that an n = 6 curve would intersect the 
¢ = 1.53 abscissa well above the P = 10 ordinate, hence the difference 
between the means for D, and D, is clearly insignificant. 

The reader who wishes to pursue this general subject further will 
find abundant reference material available. Among the best are the 
following listed about in the order of their increasing technical ad- 
vancement: 

R. W. Burgess, ‘Introduction to the Mathematics of Statistics,” 
Houghton Mifflin Company, 1927. 

Arne Fisher, ‘‘The Mathematical Theory of Probabilities,” Vol. I, 
second edition, The Macmillan Company, 1926. 

R. A. Fisher, “‘Statistical Methods for Research Workers,” second 
edition, Oliver and Boyd, 1928. 


4. Summary.—lIt is apparent that the whole of the pertinent in- 
formation regarding a series of parallel values is not given by their 
mean alone, and that it is important to be able to gage the range with- 
in which similar later measures of the same characteristic may be 
expected to lie. Furthermore, it is often necessary to know what 
degree of confidence to place in the difference between two means, 
i.e., whether or not such a difference might be exceeded often or only 
rarely in random sampling or testing from one distribution of values. 

Simple, but effective, methods of deriving both of these kinds of 
information with a minimum expenditure of time and effort are given, 
and a satisfactory measure of the significance of differences according 
to the probability of their random occurrence is established. 
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